We construct two abelian extensions of Ω 3 G, one by the abelian group M ap(D 4 0 G, U (1)) and the other by M ap((D 4 ) ′ 0 G, U (1)), where D 4 0 G is the group of mappings from the unit four-disc D 4 to G = SU (N ), N ≥ 3, that are equal to 1 on the boundary S 3 , and the prime indicates the opposite orientation of D 4 . They are homotopically equivalent to a U (1) principal bundle over Ω 3 G and the associated line bundles are dual to each other. These line bundles become principal ingredients to construct our four-dimensional WZW model as a functor from the category of conformally flat spin manifolds to the category of line bundles.
Introduction
In [ 12 ] , G. Segal explained a constructuion of a functional integral formalism in (1+1) dimensions and gave axioms for the two-dimensional conformal field theory (CFT). The axioms abstract the functorial structure that the path integral would create if it existed as a mathematical object, [ 1 ] . Thus a CFT is defined as a Hilbert space representation of the operation of disjoint union and contraction on a category of manifolds with parametrized boundaries. The functional integral formalism is also explored by Gawedzki [ 5 ] to explain the WZW conformal field theory. M. A. Singer [ 14 ] proposed a four-dimensional CFT in the language of Penrose's Twistor space, where Riemann surfaces of two-dimensional CFT are replaced by conformally flat four-dimensional manifolds. We shall give axioms of a four-dimensional WZW model. Four-dimensional WZW model is proposed as a functor W Z from the category of compact conformally flat four-dimensional spin manifolds with parametrized boundaries to the category of complex line bundles. Our axioms abstract the functorial properties of the action functional. We use two abelian extensions of Ω 3 G as fundamental ingredients for the construction of WZW model. In [ 8 ] J. Mickelsson constructed a principal fiber bundle Q π −→ Ω 3 0 G with the fiber and the structure group Map(A 3 , U(1)). Here A 3 is the set of Lie(G)−valued vector potenials on S 3 . Q can be given a multiplicative structure and Map(A 3 , U (1)) is embedded as a normal subgroup of Q. Hence Q is an abelian extension of Ω 3 G by Map(A 3 , U (1)). This is Fadeev-Mickelsson extension to which the determinant line bundle of the Dirac operator in four dimensions is associated. In this paper we shall give abelian extensions by a method analogous to Mickelsson's but from different point of view. Our method is in some extent similar to Gawedzki's one to construct the central extension of the loop group S 1 G. We shall give an ablian extension of Ω In section 1, first we explain after [ 14 ] that the category of conformally flat manifolds fits most naturally the construction of axiomatic CFT and our WZW model, then we introduce the axioms of our WZW model. In section 2 two abelian extensions of Ω 3 0 G will be given. The associated line bundles on Ω 3 0 G become the basic component to construct our WZW model. In section 3 we construct the functor W Z. To each conformally flat four-dimensional manifold Σ and its boundary Γ = ∂Σ we shall assign a line bundle W Z(Γ) over ΓG = Map(Γ, G), and a section W Z(Σ) of the pullback line bundle r * W Z(Γ) of W Z(Γ) by the restriction map to the boundary r : ΣG −→ ΓG. W Z satisfies the axioms that abstract the functorial structure of the determinant line bundle.
I would like to express my thanks to Mr. Y. Terashima of Tokyo University for his remark about the precise formulation of the functor W Z .
1
Axioms for 4-dimensional WZW model
1.1
The basic components of four-dimensional CFT are some well behaved class of four-dimensional manifolds M with parametrized boundaries, together with the natural operations of disjoint union
and contraction
whereM is obtained from M by the parametrization to attach a pair of boundary three-spheres to each other. A four-dimensional CFT is then defined as a Hilbert space representation of the operation of disjoint union and contraction on these basic components. Similarly a four-dimensional WZW model is defined as a representation in the category of line bundles of the operation of disjoint union and contraction on these basic components. Now we know that the geometric setting for this CFT is most naturally given by the conformally equivalence classes of conformally flat four-dimensional manifolds. This fact was explained by M. A. Singer [ 14] , R. Zucchini [ 16 ] and Mickelsson-Scott [ 9 ] .
Here we shall see after [ 14 ] the fact that the class of compact conformally flat four-dimensional manifolds with boundary is closed under operations of sewing manifolds together across a boundary component. For any simply connected conformally flat M the developping map M −→ S 4 is a well defined conformal local diffeomorphism. A closed 3-manifold N ⊂ M is called a round S 3 in M if it goes over diffeomorphically to a round S 3 in S 4 under development, it is well defined because the developing map is unique up to composition with conformal transformations. For standard M, the boundary ∂M consists of a disjoint union of round S 3 's, [ 11 ] . For each boundary component B one can find a neighborhood of B in M and a conformal diffeomorphism of this neighborhood onto a neighborhood of the equator in the northern hemisphere of S 4 . If we have two boundary components B andB of M and an orientation reversing conformal diffeomorphism ψ : B −→B, then B andB can be attached using ψ and the resulting manifold will have a unique conformally flat structure compatible with the original one on M.
We demand also that M is endowed with a spin structure. This is important for us to develop four-dimensional WZW theory. In fact, a compact onformally flat spin four-dimensional manifold has all its Pontryagin numbers and Stiefel-Whitney numbers equal to zero, so every compact onformally flat spin four-dimensional manifold is an oriented boundary of a five-dimensional compact manifold.
1.2
We shall explain in the following an axiomatic formulation of four-dimensional WZW model. Let M 4 be the conformally equivalent classes of all compact confromally flat spin four-dimensional manifolds M with boundary ∂M = i∈I Γ i such that each oriented component Γ i is a round S 3 , and is endowed with a parametrization p i : S 3 −→ Γ i . We distinguish positive and negative parametrizations p i : S 3 −→ Γ i , i ∈ I ± , depending on whether p i respects or not the orientation of Γ i .
Let M be the category whose object is a three-dimensional manifold Γ that is a disjoint union of round S 3 's. A morphism between three-dimentional manifolds Γ 1 and Γ 2 is an oriented cobordism given by Σ ∈ M 4 with boundary ∂Σ = Γ 2 (Γ Recall that the pullback bundle is by definition
and the section W Z(Σ) is given at f ∈ ΣG by
The functor W Z satisfies the following axioms;
where * indicates the dual line bundle.
Where < , > denotes the natural pairing
The multiplicative axiom A2 asserts that if
Therefore any cobordism Σ between Γ 1 and Γ 2 induces a homomorphism of sections of pullback line bundles
We impose;
1.
W Z(φ) = C for φ the empty 3-dimensional manifold, (1.9)
2.
W Z(φ) = 1 for φ the empty 4-dimensional manifold, (
3.
From now on we shall construct the functor W Z successively. In section 2.5 we shall construct two extensions of S 3 G by abelian groups. Then we have two associated line bundles over S 3 G, which are W Z(S 3 ) and W Z((S 3 ) ′ ). In section 3 we give the functor W Z of WZW model step by step starting from
In the following we denote by Ω 3 G, instead of S 3 G, the set of smooth mappings f from a
It is known that Ω
3 G is not connected and is divided into denombrable sectors labelled by the soliton number ( the mapping degree ). Here we follow the explanation due to I. M. Singer of these facts [ 13 ] , see also [ 3, 7, 8 ] . Let the evaluation map, ev :
on G gives the identification of the tangent space T e G at e ∈ G and Lie(G) = su(N). The primitive generators of the cohomology H * (G, R) are given by
Integration on S 3 of the pull back of ω 2k−1 by the evaluation map ev gives us the following 2(k − 2) form on Ω 3 G;
In particular ν 3 is the mapping degree of ϕ;
Proposition 2.1.
1.
See [ 7 ] , [ 2 ] .
2.2
Let A be the space of connection forms on S 4 with values in Lie(G) and let G = S 4 G be the group of pointed gauge transformations. The action of G on A is given by
2 denotes the curvature 2-form of A. For a while we suppose that S 4 is embedded in a higher dimensional manifold and the ( local ) gauge potentials are extended to a neighborhood in that space.
The Chern-Simons form is
We have then tr(F 3 ) = dω 0 5 (A). From [ 17 ] we know the relation
where
gives us the gauge anomaly :
here g ∈ S 4 G is extended to D 5 G, in fact, we have such an extension by virtue of π 4 (G) = 1. C 5 (g) may depend on the extension but it can be shown that the difference of two extensions is an integer so exp(2πiC 5 (g) ) is independent of the extension.
We put, for f, g ∈ S 4 G,
G we have
2.3
Now we are prepared to define the line bundle W Z(φ) over Map(∂S 4 , G) = φ, and the section W Z(S 4 ) of the pullback line bundle of W Z(φ) by the empty restriction map r :
we define the product by putting;
is a normal subgroup. We put
then we have Q(φ) ∼ = U(1), the isomorphism being given by
is also the quotient of S 4 G × U(1) by the equivalence relation;
Remember the fact that S 4 G is contractible and that this is the proof of the well definedness of exp{−2πiC 5 (f )} for a f ∈ S 4 G. The associated line bundle is
14)
The section W Z(S 4 ) over any f ∈ S 4 G is defined by
By the isomorphism of (2.12) and (2.14) we can also write
2.4
In this paragraphe we shall prepare some notations, definitions and elementary properties that will be used in the following sections.
Let Ω 3 G be as before the set of smooth mappings from S 3 to G = SU(N) that are pointed. Ω 3 G is not connected and divided into the connected components by deg. We put
The oriented 4-dimensional disc with boundary S 3 is denoted by D, while that with oposite orientation is denoted by D ′ . The composite cobordism of D and D ′ becomes S 4 . We write as before DG = Map(D, G) and
0 G we denote by Da the set of those g ∈ DG that is a smooth extension of a, respectively D ′ a is the set of those g ′ ∈ D ′ G that is a smooth extension of a. For f ∈ Da and g ∈ Db it holds that f g ∈ D(ab), and every element of D(ab) is of this form. Similarly for D ′ (ab). We denote by g ∨ g ′ ∈ S 4 G the map obtained by sewing g ∈ DG and g ′ ∈ D ′ (g|S 3 ). The upper prime will indicate that the function expressed by the letter is defined on D ′ , for example, 1 ′ is the constant function D ′ ∋ x −→ 1 ′ (x) = e ∈ G, while 1 is the constant function D ∋ x −→ 1(x) = e ∈ G. We write
But we write, exceptionally, D 0 G = {f ∈ DG; f |S 3 = 1} instead of D1, and
Let f, g ∈ DG and f |S 3 = g|S 3 . From ( 2.6 ) and ( 2.7) we see that
Definition 2.1. We put
Lemma 2.3. Let f ∈ DG and consider a map
that satisfies the condition;
, which is seen to be independent of f ′ .
2.5
Here is our first main result: 
We begin the construction of ΩG. We consider the set of couples (g, Z g ) with g ∈ DG and Z g ∈ Map(D ′ g, U(1)) that satisfy
and we denote it by
It is well defined from Lemma 2.2. This provides a group structure in DG ⋉ Map(D ′ G, U (1)). The unit element is (1, exp{2πiC 5 (1 ∨ ·)}) and the inverse of (f, Z f ) is given by (f −1 , Z f −1 ) with
The Lemma follows from Lemma 2.2 and the relation γ(F, F −1 ) = 0 for F ∈ S 4 G.
We denote by ΩG the group of quotient
We write the equivalence class by [f,
and Map(D 
This equivalence relation respects the product ( 2-24 ) as is seen from Lemma 2.2. ΩG is a principal bundle on Ω 3 0 G with the fiber and the structure group
More precisely, let a ∈ Ω 3 0 G and take f ∈ Da. A coordinate neighborhood of a is given by
Then it holds from Lemma 2.3 that
Take a local trivialization given by
Then we have
We shall introduce the dual bundle Ω * G by the same method as in the above. Let
The group structure on
We have also;
here the equivalence relation is given by,
As before we see that the transition functions are given by
Theorem 2.3 is proved.
Remark 2.2.
Here we shall look at the Mickelson's 2-cocycle for his abelian extension of Ω 3 G, [ 7 ] , and study its relation to ours. α 4 in ( 2-5 ) is a 1-cochain on the group S 4 G, valued in Map(A 4 , R). The coboundary δα 4 is given by
Mickelsson's 2-cocycle on DG is defined by
We can show that it depends only on the value of A restricted on S 3 , that is, γ M (A; g 1 , g 2 ) is a 2-cocycle on DG with values in Map(A 3 , R) . The product rule in DG ⋉ Map(A 3 , U(1)) of Mickelsson is defined by γ M like in ( 2-24 ). We can verify the following relation.
2.6
We define W Z(S 3 ) as the associated line bundle
is the complex line bundle over Ω 3 G with transition function χ(f, g) ∈ U(1).
Similarly the associated line bundle to Ω * G is denoted by W Z((S 3 ) ′ ), which is a complex line bundle over Ω 3 G with the transition function
Remark 2.3. The abelian extensions for total Ω 3 G are constructed by the same manner as is explained in page 93 of [ 7 ] . The change to be made for our format is easy.
We could consider in the following construction of WZW model those line bundles W Z n (S 3 ) associated to the nth sector of Ω 3 G, but for a fixed n. So in the sequel we shall restrict our discussion only to the contractible component Ω 3 0 G. 
Connection on
Ω 0 G The tangent spce T (f,Z f ) of DG ⋉ Map(D ′ G, U(1)) at the point (f, Z f ) is D(LieG) ⊕ Map(D ′ 0 (LieG), iR),H (f,Z f ) =    (X, ξ); ξ(X ′ ) = i 48π 3 D tr(f −1 df ) 3 dX for X ∈ D(LieG) and X ′ ∈ D ′ 0 (LieG) .
  
A horizontal distribution on the tangent bundle of ΩG is then defined by the canonical projection to Map(
The connection is defined by
The curvature is
Remark 2.4. By the formula ( 2.33 ) we can reduce our calculations to those worked out by Mickelsson's, see 4.3 of [ 7 ] . Ours are even simpler because we need not concider the term comming from vector potentials.
3 Construction of WZW model
3.1
We shall see that the line bundles W Z(S 3 ) and W Z((S 3 ) ′ ) are in duality.
The duality
In fact, if we note the evident fact from ( 2-7 ) that γ(F, 1 ∨ h ′ ) ( resp. γ(F, h ∨ 1) ) is given by integration on D ′ ( resp. D ), we see that the product of transition rules ( 2-27 ) and (2-32 ) imply the transition rule ( 2-13 ) of W Z(φ);
Composed with ( 2-14 ) it implies the above duality.
Let r : DG −→ S 3 G be the restriction map. A section of the pullback bundle r * W Z(S 3 ) is a complex-valued function ψ on DG which satisfies the fllowing equivalence relation
Similarly for a section ψ ′ of r * W Z((S 3 ) ′ ), we have;
as follows , in the latter r ′ being the restriction map r ′ :
0 G and a = exp α with α ∈ LieG. We put
We have h a ∈ Da and h
where a = r(f ) and A = exp{−πiC 5 (k a )} is a normalized constant. Since
for f, g such that a = r(f ) = r(g), W Z(D) defines a section of the line bundle r * W Z(S 3 ). In the same way
Proposition 3.1.
The proposition follows from the relation
3.2
Let Σ ∈ M 4 . Then Σ is a conformally flat spin manifold with boundary Γ = ∂Σ = i∈I + Γ i ∪ i∈I − Γ i with Γ i a parametrized round S 3 in Σ. For a i ∈ I − ⊕I + , the parametrization defines the map p i : S 3 −→ Γ i , and the map p i : Γ i G −→ Ω 3 G, which we denote by the same letter. Then we have the pull-back bundle of W Z(S 3 ) ( resp. W Z((S 3 ) ′ ) ) by p i . We define
then we have
The line bundle W Z(Γ) is defined by The duale of W Z(Γ) is 13) and the duality;W Z(Γ) × W Z(Γ ′ ) −→ C, is given from 3.1 by:
The above defined W Z(Γ) satisfies axioms A1 and A2.
In the following we shall define step by step the section W Z(Σ) of r * W Z(Γ) for any Σ ∈ M 4 with the boundary ∂Σ = Γ and r : ΣG −→ ΓG.
We obtain a compact manifold Σ c ∈ M 4 without boundary by sewing a copy D i of D along Γ i for i ∈ I − and a copy D
For each boundary component Γ i of Γ the parametrization p i is extended to a parametrizationp i :
The extension is unique up to composition with conformal transformations, see 1.1.
We put c is simply connected. that is. Σ 1 is a subset of S 4 deleted some discs D i ; i ∈ I − and D ′ i ; i ∈ I + with parametrized boundaries Γ = ∪ i∈I − Γ i ∪ ∪ i∈I + Γ i . Let
Φ 1 is a section of the pullback bundle of W Z(Γ ′ ) by the restriction map
Then W Z(Σ 1 ) is defined by the duality relation;
is well defined as a section of the pulllback bundle of W Z(Γ) by r :
This is concordant with the definition in paragraphe 1 .
3
We shall call a Σ 1 ∈ M 4 described in 1 that is not of cylinder type a basic component.
Any Σ ∈ M 4 can be decomposed to a sum of several basic components that are patched together by their parametrized boundaries:
The incoming boundaries of Σ k coincide respectively with the outgoing boundaries of Σ k−1 up to their orientations and Σ is obtained by patching together these boundaries, that is, by the duality of W Z(Γ
Using a suitable Morse function on Σ, we may suppose that the parametrized boundaries Γ i ; i ∈ I − of Σ are all contained in the boundary ∂Σ 1 and Γ i ; i ∈ I + are in ∂Σ N . Then we define
Here < , > is the natural pairing ( contraction ) between the line bundles
Let their boundaries be
Then we have It is independent of the order of partition and
is well defined as a section of the pullback line bundle of ⊗ i∈I − W Z(Γ i ) ⊗ ⊗ i∈I + W Z(Γ i ) by the boundary restriction map. From the construction W Z(Σ) satisfies axiom A3. ω ∧ T r(g −1 dg) 3 .
The theory has the finiteness properties for the one-loop renormalization of the vacuum state. The authors studied the algebraic sector of their theory. The category of algebraic manifolds is not well behaved under contraction, hence their theory does not fit our axiomatic description. 3 S 4 is obtained by patching together two quarternion spaces and we have the conjugation q −→ q −1 on it. Under the conjugation W Z(S 4 ) is invariant but W Z(D) and W Z(D ′ ) will change to each other. Since the conjugation invert the orientation W Z(Σ) is invariant under the conjugation of Σ. We can convince ourselves of this fact if we follow the argument to define W Z(Σ) for a Σ ∈ M 4 . This is the CPT invariance. 4 It is expected that a section A Σ = A Σ (g); g ∈ ΓG, of the line bundle W Z(Γ) would be defined if we integrated W Z(Σ)(f ) over all the maps f ∈ ΣG with the boundary restriction equal to the prescribed g ∈ ΓG:
A Σ (g) = This is Gawedzki's point of view to describe WZW-CFT on the loop group LG, [ 5 ] .
